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Abstract

In the literature in recent years, a number of developmental studies have demon-
strated the importance of children entering the school environment with a solid
foundation of mathematical content knowledge and argued that problem solving,
as an important mathematical process, should be acknowledged in early childhood
mathematical education. However, there is less research on how children process
mathematics information through problem solving in play-based early childhood
education settings. This paper draws upon a cultural-historical concept of play,
motives and pedagogical process of a playworld approach to investigate how Math-
ematical Playworld creates the motivating conditions for young children to achieve
a meaningful learning experience about repeating patterns? We argue that Mathe-
matical Playworld, as a new pedagogical approach within the worlds of imaginary
situations, should be promoted, as it builds the motivating conditions that support
meaningful learning of mathematical concepts in the double sense created in chil-
dren. This study also contributes to understanding young children’s mathematical
problem-solving processes in the collective imaginary situation, considering how
learning processes become personally meaningful for children and capturing teach-
ers’ role in play for supporting children’s mathematisation.
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Introduction

A large number of studies have demonstrated that young children have significant
capacities to learn and master mathematical concepts at a very early age (Fisher
et al., 2013; Ginsburg & Ertel, 2008; Presser et al., 2015). Using six longitudinal
datasets, Duncan et al. (2007) revealed that early mathematics learning is a power-
ful predictor of children’s mathematics achievement in school. A large number of
developmental studies have been undertaken to better understand young children’s
mathematical learning and development and advocated that early childhood edu-
cation in mathematics is vital (Dumas et al., 2017; Presser et al., 2015). As Hachey
(2013) argued, there is a need ‘for intentional, high-quality early childhood math-
ematics education to help build young children’s fragile intuitive knowledge into the
robust and generalizable knowledge that marks more sophisticated mathematical
thinking’ (p. 444). This approach requires that early childhood education be better
prepared to support young children in building foundational mathematics knowledge
and skills.

Recent research has focused on children’s achievement in mathematics, teachers’
beliefs and attitudes in mathematics education, teachers’ professional development and
teachers’ understanding of early childhood mathematics (Linder & Simpson, 2018;
MacDonald & Murphy, 2019). There is less research on how children process math-
ematics information and their processes for problem solving in early childhood educa-
tion settings. Further, previous studies have argued that problem solving, as an impor-
tant mathematical process, should be acknowledged in early childhood mathematical
education (Helenius et al., 2016; Johansson et al., 2016). In addition, recent research
has highlighted the value of play-based mathematics learning and proposed that there
is a need for increased play-based mathematics content in early childhood settings
(Cohrssen et al., 2016; Moss et al., 2016). Therefore, in this paper, we investigate how
to create the motivating conditions to support children’s mathematical problem solving
(in this case, linking to the concept of repeating patterns) that helps achieve meaning-
ful learning of mathematical concepts—specifically focusing on the development of
algebraic reasoning of creating repeating patterns in play.

Imaginative play and mathematical learning

Vygotsky (1966) argued that imaginative play is the leading activity for preschool
aged children, as it determines their development. He explained that ‘[a]s in the
focus of a magnifying glass, play contains all developmental tendencies in a con-
densed form; in play, it is as though the child were trying to jump above the level of
his normal behaviour’ (Vygotsky, 1966, p. 16). In play, children create the imaginary
situation to meet their desires, where they change the meaning of the objects and
actions, giving them a new sense. Further, ‘from the point of view of development,
the fact of creating an imaginary situation can be regarded as a means of develop-
ing abstract thought’, as children see the world with meaning and sense (Vygotsky,
1966, p. 18). The imagination in play acts as a bridge that enables children to imitate
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the roles of adults and explore cultural knowledge, such as mathematical concepts,
and develop their conceptual thinking (Fleer, 2011; Li, 2020; Worthington &
van Oers, 2016).

Some empirical cultural-historical studies have provided evidence that Vygotsky’s
imaginary play acts as a source of development that positively affects children’s mathe-
matical learning and development. Poland and van Oers’ (2007) large-scale longitudinal
experiment showed strong evidence for the promotion of mathematical thinking
through children’s meaningful learning in play-based contexts. They argued that
children in early childhood should learn to schematise to identify the relationships
between objects, such as numbers and variables, because schematisations help chil-
dren solve problems and communicate mathematical reasoning. Further, Worthington
and van Oers’ (2016) longitudinal and ethnographic studies have collectively found
that children draw on their personal cultural knowledge in their imaginary play, which
in turn influences their mathematical thinking. Therefore, it can be noted that imagi-
nary play creates the source for young children’s mathematical concept learning and
development. A study conducted with 10 Scottish public nurseries by Munn and
Schaffer (1993) found that there is a great need to maximise the adult—child interaction
in play to support children’s mathematics in play, as there is less mathematical content
observed in role play without adult involvement. Through the lens of cultural-historical
theory, van Oers (2010) argued that mathematical learning and problem solving can
be performed in a meaningful way while children play with peers and adults in a play-
based curriculum. He also concluded that there is an urgent need to detail how the
learning process of mathematical operations and performance can become meaning-
ful in the context of children’s imaginative play. What we do not know is how the
problem-solving process can be embedded in children’s imaginative play and service
to children’s mathematic concept learning. Therefore, in this study, we are interested
in the question of how play can be designed for children to achieve meaningful learn-
ing of mathematical concepts (in this case, the concept of repeating patterns) while
they engage in mathematical problem-solving? We draw upon the playworld approach
to explore this question.

Playworld approach

A playworld begins with a selected story, whereby children and adults build emo-
tional connections with the story characters before they collectively enter the play-
world (Li, 2020; Fleer, 2017, 2018; Hakkarainen et al., 2013; Lindqvist, 2003).
In the playworld, adults take active co-player roles of being characters and drama-
tise the emotionally charged problem for children and adults collectively to solve.
By doing so, adults create the conditions to support children’s learning in different
areas such as mathematics. In this paper, as it explores the creation of the conditions
in supporting children’s mathematical problem solving and thinking, we adapt this
approach in researching a Mathematical Playworld. Empirical studies have identi-
fied the playworld approach as an effective pedagogy, including adults’ active role
and the collaboration between children and adults in the playworld (Hakkarainen
& Bredikyte, 2018; Marjanovic-Shane et al., 2011); the active participation of
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pre-service teachers and their play guidance in children’s narrative playworld
(Hakkarainen et al., 2013); the exploration of emotional-cognitive transformations
in playworlds (Ferholt, 2010); and the pedagogy of play in children’s science, tech-
nology, and engineering concept learning (Fleer, 2017, 2018). Most recent studies
have pointed out that the playworld approach is an important pedagogical practice
to support children’s problem solving in collective play (Fleer, 2017), to transform
children’s engagement from passive to more active (Rainio, 2010), and to form a
transformative activity for children and adults (Ferholt, 2009). However, these stud-
ies have mostly reported analysis of the collaborative relations between adults and
children, which are beneficial for children’s learning and development in imagina-
tive playworlds, whereas little is known about how the problem-solving process (in
this case, related to the concept of repeating patterns) becomes meaningful learning
for young children in the imaginative playworld in relation to children’s mathemati-
cal learning. Thus, this leads to the central research question of the present study by
drawing upon the playworld approach to support children’s mathematical learning,
which is named as “Mathematical Playworld’: How does Mathematical Playworld,
as a new form of pedagogical approach, create the motivating conditions for children
to achieve meaningful learning of mathematical concepts?

Meaningful learning in a double sense

Following Leont’ev’s (1978) discussion of the two basic levels of meaning in
human actions, van Oers (2010) elaborated that ‘in order to be meaningful and to
be stimulating for development, learning necessarily should be meaningful in this
double sense: including both a cultural and a personal dimension at the same time’
(p. 26). van QOers (2010) also further exemplified, cultural meaning is related to the
cultural tools that teachers provide to young children in play in a timely manner,
such as mathematical concepts, expression and meanings for communication about
the mathematical dimensions of everyday practices, while the personal dimension of
meaning relates to development of the motives and involvement of personal sense in
these cultural meanings.

In this study, we draw upon meaningful learning in a double sense to elucidate how
children achieve meaningful learning by play with teachers in the shared imaginary
situation in an imaginative playworld context. The improvement of children’s math-
ematical thinking is achieved by the appropriation of cultural tools (mathematical
meanings—the repeating pattern) in meaningful contexts. Mathematics, as cultur-
ally based knowledge, should be achieved in the quality of the social situation, which
contributes to children’s capabilities for participation and enables children to com-
municate mathematical meaning in culturally appropriate ways (Bishop, 2016; van
Oers, 2010). Imagination in play enables children to imitate social roles and rules
and contribute to the cultural contexts of mathematical learning, as ‘everything the
imagination creates is always based on elements taken from reality’ (Vygotsky, 2004,
p. 13). That is, children’s play as a social context creates the possibility to commu-
nicate mathematical meanings and contributes to the development of mathematical
thinking. However, how to ensure that the process of performance for mathematical
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thinking becomes personally meaningful for children in play remains a challenge. To
address this issue, we need to further understand the personal dimension of meaning,
which refers to the development of children’s motives in solving mathematical prob-
lems (van Oers, 2010).

The development of motive

According to Leont’ev’s (1978) activity theory, as opposed to having an internal
source, motives are determined by cultural practice, and subsequently influence how
practice is structured. Hedegaard and Fleer (2013) built on this tradition by filling
the gap to contribute to the theory of Leontiev that ‘conceptualises the process of
the transformation of primary biological needs into culturally valued motives as a
straightforward process of collective activity. What is missing in this theory is the
conceptualisation of the historical institutionalised demands that mediate this pro-
cess’ (p. 200). In other words, children develop their motives through participating
in the activity settings in institutional practices, while contributing to the activity
setting by placing demands on the cultural practice. When a young child joins the
play activity setting, the teacher may apply his or her teaching agenda (e.g. teach-
ing mathematical concepts) to place demands on children to learn. However, if
the child’s motive orientation shows that his or her interests do not align with the
demands of the teacher, a meaningful learning process will not be achieved. This
means that pedagogical choices and demands, such as posing a mathematical prob-
lem about repeating patterns, must become ‘emotionally meaningful and interest-
ing as possible for the children’ (Cecchin, 2013, p. 59)—by doing so, children have
opportunities to become involved themselves, and then will be able to try new possi-
bilities (Hedegaard, 2002). This requires teachers to value children’s motives in play
in their pedagogical agendas-mathematical concepts (e.g. concept of repeating pat-
terns), which can stimulate children’s motives in learning those concepts of repeat-
ing patterns, build emotional experience related to the activity setting and make per-
sonal sense in learning mathematics. In this paper, we explore children’s motives
in play and learning to illustrate how a Mathematical Playworld can be designed
for children to achieve meaningful learning in a double sense-mathematical cultural
knowledge and personal sense and motives in learning those mathematical concepts
(e.g. concept of repeating patterns).

In our expanded theorisation of meaningful learning in a double sense in children’s
mathematical problem solving, we emphasise the psychological role of Mathematical
Playworld activity settings. In Fig. 1 below, we show the model that we conceptualised to
explain the order in which children achieve meaningful learning in a double sense. Chil-
dren need to develop their personal sense and motives in solving mathematical problems,
and Mathematical Playworld needs to be created to support this process of development.

We draw upon the relational dimensions shown in Fig. 1 when studying chil-
dren’s problem solving in mathematics at an early learning centre. The following
section explains the research procedure and design.
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Cultural meaning
Mathematical concepts

Mathematical

. L Mathematical
Playworld Meaningful learning in a double sense

Problem solving

Personal sense
Children’s motives

Fig. 1 Mathematical meaning learning in a double sense

An educational experiment

This project draws upon Hedegaard’s (2008) educational experiment as a research
methodology in the implementation of mathematics education for children aged 3 to
4 years in a kindergarten class. An education experiment refers to a form of research
“where everyday situations are systematically intervened, combining an educational
perspective with a research perspective’ (Lindqvist, 1995, p. 67). In this project,
we chose the method of educational experiment to collaborate with the teachers,
as this shaped how we conducted the research over time. Through an educational
experiment, the Mathematical Playworld was planned by the teachers and research-
ers to form interrelations between the teachers’ pedagogy and cultural knowledge
(e.g. repeating pattern as a mathematical concept holding a cultural meaning in this
study). Hedegaard (2008) emphasised that an educational experiment should involve
group activity and should consider how collective engagement influences children’s
problem solving (changing children’s conceptual model), active exploration (chil-
dren’s personal thinking) and development of motives. In this study, two researchers
and two focus teachers collaboratively developed a Mathematical Playworld, where
a group of 11 children and two teachers shared the collective imaginary situation. In
this paper, we particularly focus on how children’s problem-solving processes in col-
lective play motivate their active exploration and motives in learning mathematical
concepts, and thus create a meaningful learning experience.

Participants and research context

This paper focuses on one class of 22 children aged 3 to 4 years, and two teachers,
Mayer and Sue (pseudonyms), at an early learning centre in Melbourne, Australia.
At the time of the research, teacher Mayer had a qualification at Bachelor level and
had completed 4 years of early childhood education study. The other teacher, Sue,
held a diploma and had completed 18 months of full-time early childhood study.
Both teachers had worked for about 10 years in this field. The early learning centre
was selected randomly in the urban area. For the purpose of this paper, a 35-min
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video of 10 children and two teachers entering the Mathematical Playworld was
selected for analysis.

Ethical approval was received from the researchers’ university and the Depart-
ment of Education and Training (DET). In alignment with ethical principles at the
researchers’ university and DET, informed consent was provided by family, teachers
and directors of the early learning centre for the use of collected data for research
and educational purpose.

Overview of data collection

In the project, 26 h of video observations was generated in the early learning centre,
displaying teachers’ practice with young children and the educational experiment
(five visits) related to implementing the Mathematical Playworld. Six visits in total
were made to the early learning centre, with 2 to 3 h of filming per visit. One video
camera was organised during each visit to focus on the teachers’ interactions with
the children in the class, while the other camera captured children’s explorations of
the whole class.

Pre- and post-educational experiment pair interviews with the two teachers were
arranged for 1 h each, prompted by using a selected video clip. An interview with both
teachers was completed before the professional development workshop and after the
first video observation at the early learning centre, lasting 1 h. Post-educational experi-
ment pair interviews lasting 1 h were conducted after the video observation of the
planned implementation of the Mathematical Playworld to capture their perspectives
on the affectiveness and effectiveness of the pedagogical approach. A total of 2 h of
filmed interview data were collected.

The professional development workshop with two teachers were undertaken to
explore the play and pedagogies and to introduce the playworld approach to the
teachers. The teachers and researchers discussed how to create a Mathematical
Playworld environment that enabled children’s collective play and mathematical
conceptual learning.

In addition to the researchers generating visual data, the ongoing cooperation
between the researchers and teachers was captured with the medium of email. The
researchers responded to questions and discussed the planning with teachers. The
researcher—teacher dialogue was generated as part of the data collection during the
process of the educational experiment. The ongoing conversation mainly challenges
the ideas of the pedagogies related to the innovative approach of teaching mathemat-
ics in play-based contexts.

Data analysis
In alignment with the educational experiment, when studying children’s math-
ematical learning in play-based contexts, we drew upon a dialectical-interactive

and wholeness approach (Li, 2014; Hedegaard, 2008), including the societal,
institutional, and personal, to analyse the data by using spirals of the analytical
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framework. The spiral of analysis, as the progress of the analytical model, enabled
us to interpret the data in a dialectical way, as the process of interpretation was not
linear (Li, 2014).

The first spiral of analysis focused on the common-sense interpretation of the
visual data to understand the multiple perspectives of the interactions in the activ-
ity setting. In this project, the digital video data also helped us capture the teachers’
and children’s perspectives and intentions in the activity setting. Further, through the
educational experiment, we collaborated with the teachers and discussed the filmed
activity settings with the teachers during the pre- and post-interview in order to vali-
date the observation (Hedegaard, 2008).

Based on the common-sense interpretation, the second spiral of analysis involved
interpreting the single activity settings—called ‘situated practice interpretation’
(Hedegaard, 2008). In this stage, the interactive patterns were identified in relation
to the conceptual framework. In the project, we invested efforts into the interactions
between the teachers and children while they entered the playworld environment by
capturing the conflicts that arose while children tried to solve the dramatised math-
ematical problem and transition to the playworld activity setting, and how the teach-
ers coped with these conflicts. This enabled us to identify the children’s competence
and motives in the activity setting.

The third spiral of analysis directly linked to the research aim—called ‘thematic
interpretation’. The theoretical relations were generalised by using the concepts to
identify the meaningful patterns based on the situated interpretation (Hedegaard,
2008). In this project, we conceptualised the findings by using the concepts of
motives and meaningful learning in a double sense in the playworld. By doing so,
we attained deeper insights into the development of children’s mathematical think-
ing. All the three spirals of analysis are interrelated and produce the progressive
interpretation of children’s mathematical problem-solving process and teachers’
intentional interactions.

Findings and discussion

One of the aims of the project was to explore how the Mathematical Playworld cre-
ates conditions that support children’s mathematical thinking and conceptual learn-
ing through drama. This paper reports how children’s problem-solving process
became personally meaningful for young children in the Mathematical Playworld
activity setting.

In this section, four vignettes are gathered from the fourth week of the educational
experiment, where the children and teachers solved the dramatised mathematical prob-
lem created in the playworld. This problem related to the development of algebraic rea-
soning through a repeating patterns problem. As emphasised by McGarvey (2013), ‘[e]
xploring patterns in the early years is seen as an important introduction to algebraic
thinking as children begin to notice similarities and differences between and among pat-
terns, create rules to describe relationships, and eventually represent those relationships
using symbols’ (p. 564). Therefore, this study analysed children’s active exploration of
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the repeating patterns in the playworld. These data revealed how the children experi-
enced the tensions during the playworld and how the teachers actively responded to the
conflicts, which motivated the children’s motives to identify which part of the pattern
was being repeated. The visual narratives created allowed the researchers to explain the
process of using patterns as a problem-solving technique, and how children and educa-
tors achieved this during active exploration in the Mathematical Playworld.

The playworld started with a story book, Room on the Broom (Donaldson, 2003),
telling the story of a ‘kind witch’ who always has space on her flying broom for her new
friends—a collection of animals. This story was selected by the teachers who observed
that the children were very interested in stories about witches. They intentionally chose
the story believing it might motivate the children, but also link closely to mathematical
concepts, i.e. “how much room on the broom™? After sharing this story with the chil-
dren, the teacher asked them about their favourite part of the story. Most of the children
said that they loved the new broom. When the teacher further asked the children ‘why
do you like the broom?’, a couple of children said that it was new and strong, and they
could fly the broom to have an adventure. Therefore, the first couple of playworld activ-
ity settings involved creating the new broom, with the children and teachers playing dif-
ferent character roles in the story. After “fixing” the broom, children were asked where
they would like to fly, they asked to go to the witch’s sister’s house for a birthday party.
During the third playworld implementation, the children were told by the “kind witch”
(played by teacher Sue) that her sister, Witchy Britchy, had invited them to attend her
birthday party; thus, they needed to create a new broom to fly to her house, which was
far away. In this paper, we will focus on the fourth occasion of entering the playworld,
where the children and teachers were ready to ‘fly’ to Witchy Britchy’s house. Vignette
1 below occurred towards the end of the fourth session of playworld implementation,
showing how the teachers dramatised the emotionally charged mathematical concep-
tual problem and how the children responded to this situation.

Dramatising the emotionally charged mathematical problem

This vignette occurred in the late morning, just before the children’s lunch time. Two
teachers and 10 children played their character roles and transitioned into the play-
world. Teacher Sue played the witch, which had been her role since the beginning of
this educational experiment, and teacher Mayer played a frog. Previously, the children
had been able to choose their own roles within the playworld experience based on char-
acters from the book; however, as a result of the planned playworld to enhance the chil-
dren’s understanding of repeating patterns, five children were frogs and five children
were dogs. Through the educational experiment, an A-B repeating pattern was inten-
tionally planned as a mathematical concept to solve the dramatised problem. During
the day of the implementation, as a result of one child being absent, 10 children and
one teacher played the role of six dogs and five frogs, and one teacher played a witch
who entered the playworld. The children and teachers wore name badges displaying
images of their respective characters.
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Vignette 1: motivating children’s emotional engagement in play—‘One doggy ate
others’ cakes’

To begin the playworld, the children and teachers went through the ‘magical door
and curtain’ to change to their play role as they transitioned to the playworld space.
The teacher Sue (witch) used her ‘wand’ to help the children and the other teacher
(Mayer) transition to the playworld activity setting. Teacher Mayer (who was a frog)
and the children were very excited and animated their roles by making sounds like
their characters, while sitting in a circle. Each child was sitting or kneeling on a
square mat of their own, waiting for the playworld to begin. Teacher Sue, the witch,
held a yellow ‘wand’ and sat side by side with the children, stating that they had
received another letter from the witch’s sister, Witchy Britchy.

Teacher Mayer produced the letter, confirming that they had collected it from the
letter box, and read aloud in a dramatic voice:

Dear Witchy, today is my party day. Please fly over. I need to go out to get
some cakes [here, teacher Mayer stopped and asked the children if they would
like some cakes; the children answered in their roleplay voices: ‘woof’ or
‘ribbit’], but you can help me by setting the table with plates and chairs for
all of us. But it is important that the dogs are separated. I do not want two
dogs sitting next to each other. I'm worried they’ll behave like the dog in this
video clip and eat all the cakes. I’'ve sent you the video to watch. Love, Witchy
Britchy.

She held the letter with one hand, while gesturing with the other according to the
content of the letter. The children were all quiet and listened to her.

Then, teacher Sue, the witch, showed the children the video clip and said, ‘this
is what Britchy doesn’t want to happen’. The video clip showed three dogs sitting
together and ready to eat cakes; however, the dog in the middle quickly finished
his cake and then ate the other dogs’ cakes. The other dogs appear shocked and sad
in the video. After watching this, teacher Sue stated, ‘oh, no, the two dogs were
very sad. Why do they feel sad?’. All children displayed very sad faces. One child
answered, ‘one doggy ate others’ cakes’. Teacher Mayer asked, ‘Do you think it is
fair?’. The children answered, ‘no’. Teacher Mayer stated, ‘So, we need to make sure
no dogs are sitting together at the table’. Teacher Sue said to the group, ‘It is time to
fly our broom to the party’.

While observing the transition to the playworld and the dramatisation of the
mathematical problem, we could see that the children had initially developed an
emotional connection with the play roles. The magical curtain and witch’s wand
helped the teacher and children collectively enter the playworld. They shared in
the collective imaginary situation as if they were really flying to the witch’s sister’s
house, animating their selected roles of frogs or dogs (i.e., barking, hopping). In
addition, the letter from Witchy Britchy introduced the play plot and created a shared
playworld of fiction. The teachers acted out the characters (witch and frog) through
dramatic actions and playful sounds, which brought the story to life, encouraged the
imaginative play, and supported children to express their emotions and thoughts.
The children were closely attuned with the sad experience of the dogs in the video.
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Both teachers used their play role to support the children’s interest in the unknown
and facilitate a common understanding and meaning making about why two dogs
could not sit together. Through appropriate crafting by the teachers, a new adven-
ture was created and a shared playful moment arose collectively. This meant that the
playworld activity setting was ‘charged with meaning’ to explore the mathematical
conceptual problem (Lindqvist, 2003, p. 71). Through dramatising the emotionally
charged mathematical problem, the children were oriented to eagerly fly to Witchy
Britchy’s birthday party.

Stimulating children’s meaning making in collective play

Vignette 2 shows the two teachers sensitively and dramatically helping children
revisit the dramatised problem that ‘no two dogs can sit together’, and the way the
children responded to the emotionally charged situation using mathematical thinking
about patterns to solve the problem.

Vignette 2: revisiting the mathematical problem—'No two dogs sitting together’

The children and teachers ‘flew’ to Witchy Britchy’s house for the birthday party. In
the classroom environment were two tables, each covered with a tablecloth, placed
together to form a long rectangular table. Around the table were 13 chairs, each posi-
tion at the table had a plate (either green or orange). The children and teachers (still
in their role of dog, frog or witch) chose a seat around the table and the colour of the
plate (no plate for blue) they had represented in Fig. 2. Collectively, the teacher and
children counted the number of seats and people around the table to ensure they had
the correct number to include everyone, plus an extra seat for Witchy Britchy.

Following this, teacher Sue, the witch, held her wand and stated, ‘See, hold on!
Hang on! The party can’t start yet!’. Teacher Mayer (the frog) added, ‘Remem-
ber what they say?’. She had a confused look on her face, touched her lip with her
left hand and wondered, ‘What does the letter say? Can I still remember?’. Linda
(a child), who was playing the role of a frog, eagerly stated, ‘No!’. Teacher Mayer
pointed to Linda, who continued, ‘No two dogs sitting together!’.

Rob dog Teacher Anna frog Ruth dog
Mayer frog

Teacher
Sue

The
Witch

Josh dog Clair frog Sarah dog Linda frog

Fig.2 Children and teachers in their role of dog, frog or witch seated around the table with either an
orange, green or no plate (blue)
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Teacher Sue walked around the room identifying who was a dog and who was a
frog. The children made the respective animal sound when teacher Sue pointed to
them. Teacher Sue continued pointing and speaking with a very slow voice when
she found two dogs sitting together: ‘Frog. Frog. Dog. Dog. Dog’. At this moment,
teacher Mayer asked the children, while placing her hand on her mouth, with a won-
dering voice, ‘Are there any dogs sitting together?’. Linda stood up and gestured
with her two arms at children sitting at the end of the table, ‘These three are sit-
ting together. They are all dogs’. Teacher Sue asked, ‘So what do we need to do?
What could happen if we have Eric dog, Anna dog and Rob dog sitting beside each
other?’. Teacher Mayer added, “What happens to the cake?’. Rose (a child), playing
the role of a dog, replied, ‘They will be all gone!’. Teacher Sue asked, ‘So what ...
How are we going to fix the problem?’.

In observing and analysing this vignette, we can see that the two teachers used
their character roles inside the play to help children be aware of their situated prob-
lem. Dramatically, teacher Mayer presented a confused face and touched her left
hand to her lip in wonder, saying, “What does the letter say?’. This dramatic action
and wonder drew the children’s attention to the rules of setting up the party table. In
particular, when teacher Sue was counting the three dogs together with a very slow
voice, teacher Mayer captured that moment to remind the children, ‘Are there any
dogs sitting together?’. This drew the children’s attention to the problematic situa-
tion that ‘three dogs are sitting together’, and they explored the sequence of sitting
together, and Rose pointed out that ‘the cake will be all gone’. Through stimulat-
ing children’s motives in making meaning of the situation, children were oriented
to fix the problem, yet using the concept of repeating patterns as a method for solu-
tion was not yet presented. However, given that two dogs could not sit together, the
use of patterning appears a problem-solving strategy to consider the change needed
to the seating arrangement. This suggests that the Mathematical Playworld brought
the party together and became personally meaningful for the children to present a
problem that they wanted to solve. This explains how children contributed to their
own learning environment while they collectively shared the imaginary situation.
They co-created the playworld activity setting, by setting up the table for the birth-
day party. This aligns with Vygotsky’s (1997) argument that ‘[f]lunctions initially
are formed in the group in form of relation of the children, then they become mental
functions of the individual’ (p. 107). The collective imaginative play created a new
social situation, oriented towards solving the mathematical problem. Learning must
be culturally situated as ‘the quality of the social situation that enables the learners
to socially co-construct their new cultural knowledge’ (Bishop, 2016, p. 47).

Mathematical demands placed on children in collective imaginary activity setting

The following vignette explores the collective thinking in solving the mathematical
problem. The teachers used their play roles to guide children to analyse the mathe-
matical problem and started teaching about repeating patterns. The children become
active explorers as if they were the frog or dog and worried that ‘the cake would be
all gone’. Thus, they had to solve this emotionally charged problem.

@ Springer



Young children’s mathematical problem solving and thinking... 35

Vignette 3: solving the mathematical problem—using a repeating pattern

Tim (a child), playing the role of a dog, stated, ‘No! No! No! No! No! I can fix it!’.
Meanwhile, Linda quickly stood and pointed at different areas of the table, saying,
‘put one there, put one there ... and I'll sit there’. Following Linda’s suggestion,
Rose moved to the other end of the table and took the vacant chair, Linda sat at the
far end of the table, where Rose used to sit and stated: ‘I will sit here’ (between
Tim [dog] and Ruth [dog]). Figure 3 demonstrates the new seating arrangement,
with red squares indicating the changed seats (with plates remaining in their original
position).

Teacher Sue, who was not sitting, rather walking around the table, pointed to a
corner of the table and asked, ‘But then what happens here [asking Rose dog]’. The
children were quiet and observed what happened (Rose also stood to watch what
occurred on the other side of the table). Teacher Mayer and Sue, starting with Josh
dog, pointed and named: ‘So we go dog—frog—dog ... dog’. While teacher Sue
spoke, all the children were attentively listening and observing, and then joined in to
name the animal character. When they reached the end, they found that one dog had
moved to sit beside another dog (Rose and Rob).

Linda ran to the other end of the table, patted a vacant place [The Witch seat,
vacant as Teacher Sue was still standing] and spoke eagerly to ask Rose dog to sit in
the Witch seat. Teacher Sue responded, ‘So you want to try and sit here? Rose dog’.
Rose dog disagreed to move by shaking her head. Linda explained, ‘If you [Rose
dog] can sit here [The Witch seat], then I will sit here [referring to the other end of
the table]’. Rose dog continued to shake her head, and did not move, so Linda went
back to the other end of the table. Teacher Mayer, began to introduce the concept
of patterning when she said ‘I can hear a little bit of a pattern. Dog—frog—dog...".
Teacher Sue, looking as though intrigued by what Teacher Mayer has said, moved
towards Josh dog, pointed and corresponded by saying “dog-frog-dog...” The
next in line was an empty seat, and teacher Mayer asked, ‘What should be there?’.
Teacher Sue pointed to the empty seat and said to Linda, ‘If you were there, Linda
frog’. Linda suddenly jumped up, ran over to the empty seat, and exclaimed ‘Frog’,
but did not sit down.

Teacher Mayer asked all the children, with her index finger in the air, ‘Oh, should
we try again?’. Teacher Sue also stated, ‘Let’s try again! You ready?’. The two

Rose dog Rob dog Teacher Anna frog Ruth dog
Mayer frog

Teacher
Sue
The Witch

T —

Fig. 3 Rose dog and Linda frog sitting in new seating arrangements
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teachers, starting with Josh dog, corresponded, ‘Dog—frog—dog ..., they reached an
empty chair, Teacher Sue pointed to the empty chair and asked, “What should be
next?’. Linda burst out, ‘frog!” and proceeded to sit in the chair next to Sarah dog.
Teacher Sue stated, ‘Let’s try that again’. Teacher Mayer added to the children, ‘You
can say it’. This time, the children and two teachers named together, starting with
Josh dog: ‘Dog—frog—dog—frog—dog ...’. They reached the empty seat at the end of
the table, Josh (a child), playing the role of a dog, called out, ‘Frog’. He pointed to
the seat with excitement, with his mouth wide open and large, bright eyes. Teacher
Mayer heard him and pointed to him. Linda also agreed, ‘We need a frog there!’.
Teacher Mayer stood up and moved over: ‘I'm a frog!’. Rose stood up to look at the
empty seat. Teacher Sue said, “We have a frog there!’. Figure 4 demonstrates the
new seating arrangement, with red squares indicating the changed seats (with plates
remaining in their original position).

Teacher Mayer then asked the group, ‘Can we say the pattern together [starting
with Josh dog]? ... Dog—frog—dog—frog—dog—frog—dog—frog—frog—dog—dog’ (the
group called out in unison). Teacher Sue said, “What happened?’. Linda immediately
stood and pointed at the two frogs sitting together, and said, ‘They’re both sitting
together’. Teacher Mayer asked Anna (a child), playing the role of a frog, ‘Should
you be next to a frog?’. Linda again stood and said, ‘No, sit next to a dog’. Anna
stood and sat in the empty chair next to Rob dog. Teacher Sue then said, ‘Should we
check and do it again, see if we’ve got the pattern?” Linda stood and pointed, ‘No!
She needs to ... two dogs!’. Teacher Sue sought to clarify what Linda had asked
‘Anna frog needs to sit between Rose dog and Rob dog?’. Linda nodded and said,
‘Yeah’. Teacher Sue helped reposition Anna so she was sitting between Rose and
Rob dogs with the spare chair at the end of the pattern (see Fig. 5).

Teacher Sue asked, ‘Shall we try and do it again? Are we ready to do it together?’.
The children responded, ‘Yeah’. Teacher Mayer said, ‘Take a deep breath’. She
closed her eyes and breathed in deeply, and several children imitated her. Teacher
Sue said: ‘Ready?’. The teachers started and the children joined together [staring
with Josh Dog]: ‘Dog—frog—dog—frog—dog—frog—dog—frog—dog—frog—dog’. Teacher
Mayer asked with an excited voice: ‘Does that work?’. All the children cheered,
‘Yeah!’.

Vignette 3 presents an example of a playworld activity setting acting as a stimu-
lating motive to develop algebraic reasoning by creating a repeating pattern. This

(Rosedos | Robdog | o Annarop | rcrog_| ruthdos |

Teacher
G Teacher

The Mayer
Witch frog

- frog - dog

Fig.4 Teacher Mayer frog and Linda frog moving to the new seating arrangements
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The Mayer
Witch frog

- frog - dog

Fig.5 Anna frog, Rose and Rob dog sitting in the new seating arrangements

aligns well with Van de Walle et al. (2018) explanation that, when teaching pat-
terns to children, educators should not ‘have children do patterns just to do patterns,
rather, children should be engaged in looking for, describing, and extending patterns
to help them develop the skills to look for structure to express regularity in all math-
ematical situations’ (p. 294). This was the case within this Mathematical Playworld,
where the children created a repeating pattern to help them solve the mathematical
problem of not allowing two dogs to sit together. Both teachers valued children’s
dominating motives in play. They collectively ‘flew’ to the witch’s sister’s house for
the birthday party, where they acted as if they were friends as frogs and dogs under
the guidance of the witch. An analysis of the data illustrated that the repeated pro-
cess of naming and pointing the repeated pattern, ‘dog—frog—dog—frog’, supported
children to meet the new mathematical demands. Teachers effectively used question-
ing such as ‘what should be next?’ and ‘what happened?’ to sustain the shared math-
ematical thinking. All the while staying within the playworld context and detecting
the mathematical pattern, as if they were at the witch’s birthday party, where no two
dogs were allowed to sit together.

In addition, in the analysis of children’s active exploration, all children partici-
pated within the process and some children took leading roles within the problem-
solving process. In this way, children were fully motivated and inspired each other to
keep moving with the problem solving, and their active interaction stimulated others
to see the new potential in them (Parker-Rees, 2007). For instance, Linda frog lead
the problem-solving process and other children followed what she contributed to the
imaginary situation by providing the relevant response through action and predic-
tion. For instance, when the group was naming and pointing the repeated pattern and
they reached the empty seat at the end of the table, Josh dog said, ‘frog’, and pointed
to the seat with excitement. Linda also agreed that ‘we need a frog there’. This
showed their understanding of the repeating pattern of dog—frog—dog—frog. They
were able to predict what should be next. Such as when Teacher Sue asked, “What
happened?’, Linda immediately stood and pointed at the two frogs sitting together,
and said, ‘They’re both sitting together’. This indicates that the children were able to
analyse the relationships between frogs and dogs and express generalisation of the
repeated units, moving beyond the initial problem of “no two dogs sitting together”.
They did this in an active manner whilst considering how to organise the table for
frogs and dogs, as if they were frogs and dogs at the witch’s party and no two dogs
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could sit together. Thus, they finally determined how the frog and dog seats repeated
in mathematically predictable ways. This situation echoes Fleer’s (2020) argument
that within playworlds, children act ‘as if” they were in the imaginary situation, and
solve this social problem with conceptual solutions. Further, it was noted that Linda
frog led the children’s active thinking in solving the problem. As argued by Vygotsky
(1987), ‘[w]hat the child can do in collaboration today he will be able to do indepen-
dently tomorrow’ (p. 211). Therefore, we argue that the peer relations and interac-
tion in the playworld also stimulated the motivating conditions to inspire the whole
group of children to engage in problem-solving and enhance their collective think-
ing. Whilst Linda frog took a leading role within the problem-solving process, others
might learn by playing with her and applying this learning when encountering the
contextual mathematical problem.

Vignette 4: testing the repeating pattern—‘Orange-green-orange-green’

After they solved the problem of ‘no dogs sitting together’, teacher Mayer asked,
‘Can we make a pattern out of our plates?’. Claire (a child), playing the role of a
frog, replied ‘Yes’. The children then stated that frogs should have green plates.
Linda walked to the other end of the table and helped teacher Sue sort the green
and orange plates. Claire did not have a plate and teacher Sue asked Anna (a child),
playing the role of a frog, “What colour does Claire frog need?’. Anna said ‘Green’.
Once all the children had plates, teacher Mayer asked, “What do you notice about the
plates ... have we made another pattern?’. The children cried out ‘Yes’, and Linda
began to say ‘Orange—green—orange—green—orange’. Teacher Sue said, ‘Shall we say
our colour pattern?’. She pointed to the children and they called out their plate col-
ours as depicted in Fig. 6.

Teacher Mayer asked, ‘Is that the right pattern?’. The children clapped and said,
‘Yeah’, and Anna frog said, ‘Now we can have the cake!’. Teacher Sue then picked
up a large plate of cakes that she had prepared earlier and, using her magic wand,
said the ‘magical words’ to reveal the cakes to the children.

The children’s conceptual play continued in Vignette 4 when teacher Mayer asked,
‘Can we make a pattern out of our plates?’. The children agreed with that and identi-
fied that the green plates should be for frogs and the orange plates for dogs. Allowing
children to do this through a physical representation of pattern is the recommended

= e N~

Teacher

G Teacher

The Mayer
Witch frog

Josh dog Clair frog Sarah dog

Fig.6 Testing their plate colour patterning: orange-green-orange
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approach for teaching patterns to young children (Van de Walle et al., 2018). The
teacher’s question presented new demands and oriented the children to again use the
mathematical concept of repeating pattern to test their answers of frog and dog sit-
ting positions, which supported their play development. Now their collective focus
moved to examine their previous repeating pattern of dog—frog—dog—frog. When a
particular problem emerged, one of the frogs did not have a plate and Anna, also a
frog, helped find the correct plate, as if they were the frogs and dogs at the birthday
party. This illustrates the dynamic interrelations between imagination and children’s
abstract thoughts, such as repeating pattern in this case (Lindqvist, 2003). Therefore,
we found that the collective Mathematical Playworld created stimulating motivat-
ing conditions, as it placed new demands on children to solve and test the situated
problem, which required children to use repeating patterns through identification of
the structural similarities and differences between patterns. This helped the children
achieve meaningful learning of a mathematical concept, and they were able to do
this in an environment that allowed them to use the concept of patterning to solve the
mathematical problem and examine their answers.

Conclusions

By drawing upon cultural-historical concepts of play and motives, and a playworld
approach, this paper has reported on a study that explored Mathematical Playworld,
as a new form of playworld, in supporting children’s mathematical meaningful
learning. Investigating children’s mathematical problem solving in the collective
imaginative play context through analysing the double sense of meaningful learning.
We found that the Mathematical Playworld approach appeared to be a driving force
to stimulate children’s motives in solving the mathematical problem in the collective
imaginary situation, as well as advancing children’s mathematical concept learning
in a double sense.

The findings of this study highlight the need for the transformation of young chil-
dren’s meaningful learning of mathematical concepts in the playworld. First, chil-
dren need to be motivated to solve problems that become personally meaningful.
In this study, the children and adults played different character roles (e.g. witch,
frog and dog) adopted from the storybook Room on the Broom and shared com-
mon knowledge of the birthday party, which enabled them to encounter the same
emotionally charged ‘no two dogs sitting together’ issue. Thus, children were moti-
vated and supported to solve this situated problem by drawing upon the concept of
repeating patterns and making these patterns personally meaningful while playing.
Therefore, the meaningful learning process was shaped as if they were at the witch’s
birthday party. This confirms the importance of mathematical learning in situated
practice, such as the playworld activity setting in this case (Bishop, 2016). Chil-
dren were able to achieve a high level of conceptual understanding through situ-
ated contexts (MacDonald & Lowrie, 2011). Therefore, we argue that Mathematical
Playworld, as a form of playworld, created the motivating conditions to stimulate
children emotionally, related to problem solving (Fleer, 2020) and the emergence of
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mathematical actions, as the mathematical meanings were interactively appointed to
the children’s actions in the imaginary situation (van Oers, 2010).

Second, the dramatised problem needed to be emotionally charged, but also
embed the mathematical means in order to achieve the cultural meanings in learn-
ing. Solving the problem was the starting points for schematising. Children affec-
tively engaged with the schematisation that should be involved with the dynamic
symbolic representations (Poland & van Oers, 2007). In this case, as the children
entered the witch’s playworld, they were motivated to set up the party table by fol-
lowing the rule of ‘no dogs sitting together’. The dynamic representations of the
repeating patterns (A—-B—A-B—A-B) were symbolically embedded by the teachers
in a collective imaginary situation that improved the children’s conceptual under-
standing of mathematics. This finding appears to align with the argument by van
Oers (2010) that ‘[d]ynamic representations are fundamental for the development of
mathematical thinking’ (p. 33).

Third, consistent with previous research of van Oers (2010), this study found that
playworlds appear to be a situated practice for developing children’s mathemati-
cal competence. By enriching children’s interactions with others in the collective
imaginary situation, where the children’s mathematical thinking and actions (using a
repeated pattern) begin to emerge. The children and teachers collectively entered the
playworld and co-created their playworld activity setting as if they were the witch’s
friends, frogs and dogs, who flew to the birthday party on their new broom. The
playworld activity setting created new mathematical demands for children as it ori-
ented and stimulated the children to analyse and discuss the mathematical concept,
in this case repeating patterns, as they did not want two dogs sitting together.

Previous research of young children’s mathematical learning in play-based settings
focus on child-initiated and natural affordances (Johansson et al., 2016). Whereas this
study found that the international teaching of mathematical concepts in play-based
settings needs teachers’ dynamic pedagogical positioning while supporting children’s
play engagement with the mathematical concepts. For instance, in this Mathematical
Playworld, both teachers have positioned themselves as active co-players engaging in
the sustained shared collective imaginary situation with children. By so doing, teach-
ers’ role in children’s eyes are not teachers, but their play partners such as witch or the
frog (Lingvist, 1995). In this study, the teachers not only reacted in a mathematical
way to the children’s initiatives and actions, but also valued the children’s dominant
motives in play. They played their character roles as a play partner to dramatise the
mathematical problem and guided the children to solve this problem by using math-
ematical concepts. By doing so, the children’s motive orientation was changed to solve
the mathematical problem in this shared imaginary situation. As suggested by Hede-
gaard (2008), ‘[a]n important way to support the development of the learning motive
is to create engagement and shared experiences among the students by letting the class
participate together in events’ (p. 193). Therefore, this paper illustrates that children
transform mathematical thinking into action by playing with each other and adults in
a shared imaginary situation. This finding supports the pedagogical implications that
teachers need to acknowledge children’s dominant motives and create the motivation
to build on children’s mathematical conceptions and capacities in play. Moreover, the
teachers also used their play role and asked children ‘what should be next?’, ‘what
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happened?’ and ‘what should be there?’ to orient the children to identify the repeat-
ing units (dog—frog). When children figured out the problem of “no two dogs sitting
together”, the teacher orientated children to think mathematically about the repeating
pattern by posing the questions like “I can hear a little bit of a pattern...”, “Is that the
right pattern?” etc. This also aligns with McGarvey’s (2013) identification of teaching
practices in early childhood educational setting that support early algebraic thinking,
which should include patterns in the instruction and orient children’s attention to the
repeating unit.

Finally, children’s meaningful learning process can be transformed through a spi-
ral approach to problem solving, where they analyse and discuss mathematical con-
cepts. In the playworld, children were provided the opportunity to access and analyse
the situated problem of ‘no two dogs sitting together’ and contribute to the prob-
lem-solving process. They were not told directly to complete this task by making a
dog—frog—dog—frog (A—B) pattern, but had to analyse this problem again and again to
test what did and did not work within the co-created collective imaginary situation.
Learning in the playworld is not a straightforward process, but a spiral progress of
thinking and problem solving as children need to revisit what they have explored to
inform how they move forward. As aforementioned, the teachers assumed play part-
ner roles in play to support the children to reason mathematically and created the
motivating condition to stimulate the children to affectively and critically engage with
the mathematical ideas (dog—frog repeating pattern). This aligns with Cheeseman’s
(2018) study that suggested that highly effective mathematics teachers use question-
ing to extend children’s mathematical thinking, instead of telling them what to do.

What is new to previous research is the teachers’ co-playing and co-modelling
in the collective playworld with the children. By doing so, possibilities were cre-
ated to support children’s critical process of mathematical thinking, including nam-
ing (e.g. dog—frog pattern), describing (e.g. where they should sit), abstracting (e.g.
identifying the unit of repeat: dog—frog or orange—green), generalising (e.g. what
works to solve the problem, and realising the unit of repeating through recognition
of the structural similarities and differences) and evaluating (e.g. using colourful
plates to test if it worked), thus transforming their meaningful learning. This find-
ing has implications that the research of a larger sample of Mathematical Playworld
environments would enrich further understanding of children’s meaningful learning
experience aligned with the development of mathematics.

The conclusions drawn from this in-depth study, conducted over seven months,
are limited because the results of this study were based on only one early learn-
ing centre. However, we argue that Mathematical Playworld, utilising the pedagogi-
cal approach of playworld, has the potential to be a key pedagogical tool for early
childhood teachers within play-based settings. Utilising the world of imagination,
Mathematical Playworld should be promoted and further investigated as it has the
potential to create the motivating conditions that support meaningful learning of
mathematical concepts in the double sense created in children. By closely exam-
ining the collective playworld activity setting between teachers and children, this
study contributes to understanding children’s mathematical problem-solving process
in playworld contexts, how the learning process becomes personally meaningful for
children, and teachers’ role in play for supporting children’s mathematisation.
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